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Abstract 

In string theory, stacks of Dl-branes can expand into intersecting D3-branes. These 
configurations are called (generalized) Blons. We show how the analogous construc- 
tions in M-theory, where M2-branes blow up into calibrated intersections of M5- 
branes, arise from some of the membrane theories. 



Blons [U, [2] are solutions of the BPS equations in the worldvolume theory of 
Dl-branes, which correswpond to Dls expanding into D3s, or more generally, into 
intersecting configurations of D3s. In this note, we wish to see the emergence of 
analogous configurations in M-theory, where M2s expand into M5s. We will mostly 
work in the context of the membrane theory constructed by Bagger, Lambert and 
Gustavsson [3j. We are interested in BPS solutions of this theory which can be 
interpreted as fuzzy funnels of M-theory, known from the work of [4|. To work up to 
it, we will first start with general arguments about the supersymmetries preserved by 
stacks of M2-braneg3[5j. 

In the case of D-branes, the worldvolume theory is described by the transverse 
scalars, X 1 , where X 1 are elevated to matrices. So for the case of M2's, we can start 
by trying to write a theory for X^ where / = (3, 10) are the transverse directions 
and a is a (multi-) index. From balancing various indices on either side, one can see 
that the most general (linear) way in which the 16 unbroken SUSY's can act is as 
SXq = ie T 1 \l/ a , with e = Tqi 2 €. If we assume canonical kinetic terms for the spinors 
and the scalars, in 2 + 1 dimensions, we have [X] = | and [^J = 1, as the scaling 
dimensions of the fields. With a bit of trial and error, it is easy to convince oneself 
that this means that the most general (without adding extra fields) SUSY variation 
that one can write down consistent with balancing spinor indices, internal indices and 
dimensions on either side is 5^/ a = d^X^T^e + c X^X^Xf f bcd a T IJK e where c is a 
parameter and the f bcd a are "structure constants" . The crucial observation of Bagger, 
Lambert and Gustavsson was to note that to close such a SUSY variation, one needs 
to covariantize the derivative d^X^ in the above expression by introducing a gauge 
field. The rest follows more or less automatically upon demanding closure of SUSY 
on shell: (1) The parameter c gets fixed to — |, (2) The structure constants f bcd a 
are to satisfy the so-called fundamental identity: f gf d = 0, (3) The equations 
of motion of the various fields are fixed. 

The EOMs arising from the closure of the algebra can be obtained from an action. 
This is the BLG action (we will not write it down in full glory). But to construct 

*Due to space limitations, our citation list is minimal, the reader should consult [5] for references 
to original work. Membrane theories went through a revolution in the last months; references to 
more recent work can be found in, e.g., [?]■ Further aspects of fuzzy funnels in the context of ABJM 
theory [TU] have been considered in [IT]. 
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that action, we need to assume two crucial things: (1) The existence of a trace 
form h ab which can be used to raise indices so that we can construct scalars, (2) 
jabcd = fode jabc ^ j g f u Uy antisymmetric in all indices. Unfortunately, if one restricts 
to positive definite h ab , the only solutions to these restrictions is given by f abcd = e abcd . 
This choice is what corresponds to the original BLG theory. 

To see BPS funnels in this theory, we will write down the scalar part of the BLG 
action: C B = -±Tr (d„X J , d^X 1 ^ - ^Tr ([X 1 , X J , X K ], [X 1 , X J , X K ^j . Here X 1 = 
X*T a , [T a ,T b ,T c ] = f abc d T d , and h ab = Tr (T a ,T b ) for the "3-algebra" generators 
T a . The BPS funnels arise when we set the energy functional computed from this 
Lagrangian to zero. This is because Q\ip) = implies (ip\{Q, Q}\i>) ~ {^\H\ijj) = 
0. Splitting off a total derivative piece from the Hamiltonian, we can write (for 
appropriate coefficients g IJKL ) E = \Jd 2 a (Tr (d^X 1 - 9 -H^[X J , X K , X L ]) 2 + 7 1 ) . 
It is possible to write the Hamiltonian this way, if the configuration satisfies certain 
algebraic constraints in terms of the X'g§. For the calibrated intersections of M5- 
branes that the M2s can expand into, these constraints are automatically satisfied 
in BLG theory [6] due to the fundamental identity. It can also be checked that 
the other equations of motion arising in Bagger-Lambert, which where not visible in 
the ad-hoc constructions, are also satisfied[6j. Therefore we can consistently read off 
the first piece in the expression above as the fuzzy funnel equations of Basu-Harvey 
and Berman-Copland. Solutions of the BPS equation can be found by solving the 
auxiliary algebraic equation \gijKi\A J , A K , A L ] = A 1 , because then X J (a) = f(a) A 1 
is a solution for f(o~) satisfying d a f(a) = f 3 (o~). The fuzzy funnels found in the 
literature can be constructed by a suitable definition of the 3-algebra using fuzzy 
3-spheres [H E]. Even though the structure is present, we point out that in BLG 
theory, the number of membranes is only two, so we need a more general theory of 
many membranes to have a complete picture of M-theory funnels. 

One crucial ingredient in our Bogomolnyi positivity argument above is that it 
works only if the trace form h ab is positive definite, because otherwise the energy 
is unbounded below. This means that attempts to generalize BLG theory by relax- 
ing this positivity [8] do not fit into this picture. In negative trace form theories, 
the energy functional instead takes the form, Tt = |Tr (^d^X 1 d^X 1 ^ — d^X^d^X^ + 

j^Ti(^X i + [X j ,X K ] + ...j . The dots represent cycling the I,J,K indices. This ex- 

2 These constraints can also be viewed as arising from the consistency between the BPS equation 
and the equation of motion. 
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pression is written after expanding the 3-algebra expressions in terms of ordinary 
Lie algebras (from which the 3-algebras are constructed in these theories). In par- 
ticular, the trace above is the usual trace of the Lie algebra and therefore positive 
definite. The negative trace of the 3-algebra gives rise to the negative sign of the 
d a X^_d a X[_ term. The X[_ is a Lagrange multiplier term enforcing the condition 
d 2 X{_ = 0. If we solve for it by X{. ~ \/A with A > 0, then the Hamiltonian is 
schematically that of a A</> 4 theory, and is positive definite. But the structure now 
looks like TC ~ (d a X+ [X, X]) 2 , which is suggestive of D2-D4 fuzzy 2-funnel intersec- 
tions in Yang-Mills theory, whereas we need something like 7i ~ {d a X + [X, X, X}) 2 
to get fuzzy 3-funnels that connect M2s to M5s. In particular, we need three extra 
dimensions. We take this as further [9] evidence that the negative trace form theories 
correspond merely to a rewriting of Yang-Mills theory. 
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